Transport properties of a two-dimensional electron gas (2DEG) and of quantum wires are theoretically studied in the presence of both Rashba and Dresselhaus terms of the spin-orbit interaction (SOI). Fully quantum mechanical expressions for the conductivity are evaluated for very low temperatures and the differences between them and previous semiclassical results are highlighted. Two kinds of confining potentials in quantum wires are considered, square-type and parabolic. Various cases depending on the relative strengths of two different SOI terms are discussed and the relaxation times for various impurity potentials are evaluated. In addition, the spin accumulation in a 2DEG and in a quantum wire (QW) is evaluated semiclassically and its dependence on the Fermi energy and the SOI strengths is discussed. A nearly saw-tooth dependence on the electron concentration is obtained for a QW with parabolic confinement.
Introduction
The investigation of spin-dependent phenomena has intensified since the discovery of giant magnetoresistance in 1988 [1] due to their potential applications in novel devices [2] . Particular attention has been given to the spin-orbit effects in semiconductor structures. It is known that the spin-orbit interaction (SOI) may play an important role in the transport properties of low-dimensional semiconductor structures. The SOI may manifest itself in semiconductor structures either as a result of the breaking of macroscopic inversion symmetry of the whole structure, referred to as the Rashba SOI (RSOI) term [3] , or due to the lack of inversion symmetry of the crystal structure, referred to as the Dresselhaus SOI (DSOI) term [4, 5] . The RSOI term depends on band alignment and on any applied external potential if it breaks the overall inversion symmetry which means it can be tuned by applying a bias [6] [7] [8] . On the other hand, the DSOI term is present in bulk materials and semiconductor heterostructures. Some III-V semiconductors, such as GaSb, exhibit large spin-splitting in the absence of a magnetic field, due to the difference between cations and anions.
The transport properties of low-dimensional semiconductor structures made of materials with pronounced spin-orbit effects are expected to be different than those of structures lacking or negligible zero field spin-splitting. They have been studied in the past either in the presence of a magnetic field [9] or by numerical methods and mostly when the RSOI is present [10] . In addition, weak-localization corrections to the conductivity of a 2DEG have been studied in Ref. [11] with the RSOI and DSOI terms taken into account. In this work we consider both the RSOI and DSOI terms and derive approximate analytical expressions for the diffusive conductivity of a 2DEG at very low temperatures and for a quasi-onedimensional electron gas (1DEG), i.e., for a quantum wire (QW), with square or parabolic confinement. The non-diagonal contribution to the conductivity is evaluated numerically.
The case of equal RSOI and DSOI strengths is treated in some detail since it was predicted [12] that the role of spin-independent scattering is reduced. This is actually correct when the cubic DSOI term is neglected as confirmed by a recent experiment [13] . We underline the differences between previous semiclassical results and our fully quantum mechanical ones. Further, we provide explicit expressions for the relaxation time, due to impurity scattering, that most frequently has been taken as a constant in the literature.
We organize the paper as follows. In Section 2 we present the theoretical model and give the relevant expressions of the eigenvalues and eigenvectors for a 2DEG and a 1DEG. We also give the general one-particle expressions for the dc conductivities. We present and discuss the results in Section 3 and summarize our conclusions in Section 4.
Theoretical model

A 2DEG
We first consider a 2DEG, in the (x,y) plane, in the presence of both Rashba and Dresselhaus terms of the SOI with strengths, respectively, a and b. The relevant one-electron Hamiltonian is where 
where
Ã , the eigenvalues are
Only the diagonal matrix elements ofv y are relevant here since its off-diagonal elements vanish. They are 
and the off-diagonal ones
since k x mixes adjacent states, and
We will consider only the first three states. This leads to the secular equation, detjSÀEIj ¼ 0 where
, and e n ¼ ðn þ1=2Þ' oþlk 2 y . The energy spectrum (the first three levels) is shown in Fig. 1 for two different values of the
À11 eV m (Ref. [8] ). Anticrossings are visible in the latter case when the two SOI strengths are different. The existence of two sets of curves is due to the presence of SOI that lifts the spin degeneracy. The energy difference between the levels is taken to be
Dc conductivities
Within the one-electron approximation and for small electric fields the conductivity tensor s mn ðm,n ¼ x,y,zÞ may be separated into diagonal and non-diagonal parts s mn ¼ s
where z ¼ ðs,k x ,k y Þ denotes the set of quantum numbers, S 0 the area, k B the Boltzmann constant v z m ¼ /zjv m jzS the velocity expectation value in the state z, and f z the Fermi-Dirac distribution.
Eq. (26) is valid only for elastic scattering. The collisional contribu-
for both elastic ðf z ¼ f zu Þ and inelastic ðf z af zu Þ scattering. W zzu is the transition rate between the unperturbed one-electron states jzS and jzuS, and a z m ¼ /zjr m jzS the expectation value of the m-component of the position operator r in the state jzS.
The dc non-diagonal contribution s nd mn to the conductivity is given by [20] 
If we use the identity f z ð1Àf zu Þexp½bðE z ÀE zu Þ ¼ f zu ð1Àf z Þ, Eq. (28) takes the form of the well-known Kubo-Greenwood formula
with zazu and e taken as the level width G z .
Spin accumulation
In order to study the spin accumulation in the structures of interest one should first calculate the net spin in the presence of a weak electric field E el . Then from the semiclassical Boltzmann equation one finds [22] /S x,y S ¼
where d ¼1,2 for a QW and a 2DEG, respectively; s sx,y are the diagonal matrix elements of the spin operator. The electric field is assumed to point in an arbitrary direction. At small temperatures the derivative of the distribution function with respect to the energy may be replaced by a d function. The result, as explained in
Ref. [22] , is that Eq. (30) is valid when the Fermi, thermal, and SOI energies satisfy the inequalities k F e y 5 k B T 5E F .
Results and discussion
2DEG
We first evaluate the diagonal contributions to the conductivity. (26) by some constant mean value t F at the Fermi level, which is quite reasonable approximation for a Fermi degenerate gas [21] . Thus, the result is
which holds for a,b40. The first term in Eq. (31) is the same as the one obtained from the semiclassical Boltzmann equation in Refs. [22, 23] for d-function scattering. The additional term pja 2 Àb 2 j represents a quantum mechanical contribution to the conductivity. We will examine two special cases in more detail: (i) equal SOI strengths 
The last relation can be used to obtain the Drude form of the conductivity
(ii) If the Dresselhaus SOI term is absent, i.e., for b ¼ 0, the conductivity assumes a simpler form than Eq. (31),
by virtue of the relation between the concentration n 0 of an unperturbed 2DEG (in the absence of SOI) and the Fermi energy,
This relation can also be recast in a more familiar, Drude-type form if one takes into account the shift jDEj ¼ a 2 =4l of the conduction band minima,
We emphasize that both branches are included and shifted downwards by the same amount. Before we proceed with the evaluation of the conductivity, it would be appropriate to evaluate the transport scattering time for elastic scattering. First, we consider the case of equal Rashba and Dresselhaus SOI terms, i.e., a ¼ b.
Then, using the definition Eq. (A.1) in Appendix A we obtain, similar to Eq. (A.4), the result
with A 7 y being the following integrals over y: 
where I C + and I C À are specified in Appendix A and n i is the concentration of impurities per unit area. This result is derived under the assumption 2lk À 4 a. For typical values n i % 10 9 cm À2 , n 2D % 10 11 cm À2 , and k s % 10 8 m À1 the scattering time is about t % 3 ps. In Fig. 2 we show the dependence of the longitudinal conductivity s Further, it would be useful to investigate the dependence of the conductivity on the strength a. Fig. 3 It can be shown that the real part of the sum in Eq. (40) vanishes, so only its imaginary part, piG, survives. Furthermore, the product of the velocity matrix elements is (see Eq. (10))
Taking into account the fact that the first fraction under the sum in Eq. (40) 
In Fig. 4 we show the numerically evaluated conductivity s 
We proceed with the evaluation of the spin accumulation in a 2DEG in the presence of SOI. If we denote the angle between the electric field E el and the wave vector k with c and use Eq. (30), it is possible to find an analytical expression for the net spin components. Along the x axis the result is
and along the y axis
The magnitude of the spin accumulation /SS is then /SS ¼ ½/S x S 2 þ /S y S 2 1=2 and its explicit expression
agrees with that of Ref. [22] . The anisotropy of the spin accumulation is due to the angular dependence of the energy given by Eq. (6): the spin-orbit splitting is different for different directions of the momentum [22] . Fig. 5 shows the dependence of the spin accumulation (in arbitrary units) on the electron concentration of a 2DEG, for equal Rashba and Dresselhaus SOI terms (solid curve,
À11 eV m), and in the presence of the Rashba SOI term only (dashed curve). The higher values for a ¼ b are mainly due to the factor ½a 2 þ b 2 þ2abc 1=2 in Eq. (47).
Quasi-1D system
The transport properties of a Q1DEG have been investigated in the presence of only the Rashba [25] SOI term in the ballistic regime. Here we treat the case when both the Rashba and Dresselhaus SOI terms are present in the non-ballistic regime. We first notice that the non-diagonal conductivity is zero for square and parabolic confinement. As for the expression for the diffusive conductivity, it is easier to evaluate than that of a 2DEG since only the integration over k y needs to be performed. Using Eq. (26) with t constant and one subband occupied for square confinement, we obtain, for very low temperatures, the result
The corresponding density of states reads
For parabolic confinement and equal Rashba and Dresselhaus SOI strengths ða ¼ bÞ the conductivity is
where E 
be acquired by investigating the density of states D 1D for which the result is
the summation terminates at the last occupied level. D 1D (E) is shown in Fig. 7 as a function of energy in appropriate units. The usual singularities are visible but shifted by a 2 =l as a result of the SOI. Notice the correspondence with the maxima of s dif yy . As in the case of a 2DEG, we will evaluate the spin accumulation using the general expression Eq. (30) for square confinement and only one subband occupied. The result is
Note that the net spin in this case depends not only on t F but also on 
The quantum wire with parabolic confinement should be treated independently due to the different energy spectrum and eigenvectors. However, analytical results can be found only for equal SOI strengths a ¼ b. Noticing that the eigenvalues have only quadratic terms in k y leads to
where N occ is the number of occupied levels. The scattering time t F is evaluated assuming a screened Coulomb impurity potential, which for 1D systems may be modeled [26] as UðyÞ ¼ U 0 e Àksjyj = jyj 1=2 . The spin accumulation also depends on the Fermi level but indirectly through N occ and the scattering time t F . In Fig. 8 we show the spin accumulation (in arbitrary units) in a QW with parabolic confinement as a function of the concentration. The steps are due to the non-monotonic dependence of the Fermi level on the concentration, i.e., the occupancies of the discrete levels jump suddenly.
Concluding remarks
We studied the transport properties of a 2DEG and of QWs, with square or parabolic confinement, in the presence of the Rashba and Dresselhaus terms of the SOI. We derived analytical expressions for the diagonal and non-diagonal conductivities. For a 2DEG the conductivity has an additional term pja 2 Àb 2 j, when compared with previous semiclassical results, that is of quantum mechanical origin. In addition, there is a non-diagonal contribution the conductivity pða 2 Àb 2 Þ 2 , cf. Eq. (43), which, however, is very small.
For a QW with square-well confinement the expressions are valid for aab but with only the lowest subband occupied while for a parabolically confined QW they are valid only for a ¼ 7b but with no limitation on the number of occupied subbands. We also obtained approximate and numerical results in the latter case for aab. The diffusive conductivity is given by expressions similar to that for a 2DEG but without the term pja 2 Àb 2 j, cf. Eqs. (49) and (50), but the non-diagonal contribution to the conductivity vanishes. Moreover, we evaluated the amount of spin accumulation for both a 2DEG and a quasi-1DEG, and discussed its dependence on the SOI strengths and the Fermi energy. Finally, we evaluated the momentum relaxation time, usually taken as constant or evaluated for d-function potentials, analytically for three type of possible impurity potentials, see Appendix A, and numerically for some results. E.g., those of Fig. 3 . 
